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Quadratic-Based Computation of Four-Impulse Optimal
Rendezvous near Circular Orbit
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The well-known problem ofminimizingthe totalcharacteristic velocityof a spacecraft in an impulsiverendezvous
with a satellite in circular orbit is considered by using the Clohessy–Wiltshire equations. It is well known that, for
boundary conditions in the plane of the orbit, four impulses at most are required. The mathematical framework
is presented for four-impulse optimal rendezvous near a circular orbit resulting in relatively simple formulas that
determine if four impulses are required and, if so, how the four optimal velocity increments can be calculated.

Introduction

IMPULSIVE rendezvousof a spacecraft in the vicinityof a circu-
lar orbit has been and continues to be an appealingarea of study.

The assumptionsof a circular orbit, linearized equations of motion,
and instantaneous velocity increments lead to one of the simplest
practicalmathematicalmodels for analysis and minimization of the
characteristicvelocity of a spacecraft.

One of the � rst publishedpapers in this area was by Edelbaum1 in
1967 using a linearization with respect to the orbital elements. Al-
though this model was also used by Jones2 in a paper that appeared
in 1976, the vast majority of studies use the simpler model found
in early papers by Wheelon,3 Clohessy and Wiltshire,4 Geyling,5

Spradlin,6 and Eggleston.7 Derivation and applicationsof the equa-
tions of motion that compose this model, generally called the
Clohessy–Wiltshire equations, may now be found in books on or-
bital mechanics.8 ¡ 10 Most of the publishedstudies of impulsiveren-
dezvousnear a circularorbit use a tool of optimizationcalled primer
vector theory,originatedby Lawden11 and formalizedby Lion12 and
Lion and Handelsman.13 This approach has been used successfully
by Prussing,14,15 Jezewski and Donaldson,16 and Jezewski17 for the
problem of impulsive rendezvousnear a circular orbit and has con-
tinued into recent times.18 ¡ 21

It was � rst shown by Neustadt22 that for linear equations of mo-
tion in n-dimensional state space, at most n impulses are required
for optimization.Simpler proofs of this result have also been found
by Stern and Potter,23 Carter,24 Carter and Brient,25 and Prussing.26

For this reason, an optimal planar rendezvousbased on linear equa-
tions of motion requires at most four impulses. For the Clohessy–

Wiltshire equations, optimal solutions of typical boundary-value
problems may require fewer than four impulses.15 There are prob-
lems, however, for which an optimal solution requires exactly four
impulses.14 Numerical methods of solving two-point boundary-
value problems encounter more dif� culties with four-impulse so-
lutions than with three- or two-impulse solutions. In fact, dif� cul-
ties tend to increase by an order of magnitude with each increase
in the required number of impulses. For this reason, an analytical
approach to de� ne all boundary conditions requiring four impulses
and a computational procedure to determine the optimal velocity
increments are very useful.

Presented as Paper 98-4546 at the AIAA/AAS Astrodynamics Special-
ist Conference and Exhibit, Boston, MA, 10–12 August 1998; received 2
November 1998; revision received 10 May 1999; accepted for publication
26 May 1999. Copyright c° 1999 by the American Institute of Aeronautics
and Astronautics, Inc. All rights reserved.

¤ Professor, Department of Mathematics and Computer Science, 83 Wind-
ham Street; cartert@ECSUC.CTSTATEU.EDU. Senior Member AIAA.

†Assistant Professor, Department of Computer Science.

Such an approach may be found in a 1969 paper by Prussing.14

Many important contributionsin that paper could be re-examinedin
the contextof an increasingneedfor rendezvousneara circularorbit,
such as those required for assembly, maintenance, and operation of
space stations.

Except for the work done by Prussing,14 it is dif� cult to � nd pub-
lishedmaterialon thisproblem.The presentpaperrepeatsPrussing’s
results as an application of recent new developments in linearized
rendezvous25,27 and focuses on the elimination of numerical prob-
lems of convergencefor boundaryvalues that require four impulses.
A new development of the material is presented with more empha-
sis on the underlyingmathematical ideas, resulting in a simple new
quadratic-based procedure [Eqs. (50–53)] for the computation of
the impulse times. These lead to the four-dimensionalcones25 that
result in an examination of the negativity of the components of a
vector M ¡ 1z f , where z f represents the boundary values. This is
equivalent to Prussing’s D V j ¸ 0 in Eq. (12) of his paper.14

The primary practical contribution of the present paper is the
emphasis on a method for calculation of the velocity impulses.
Prussing’s paper14 presented a study of the general problem and
obtainedsolutions.These new approachesallow one to calculatedi-
rectly a solution for a particular transfer time or for a speci� ed time
of a third impulse througha procedure that is based on the quadratic
formula.

Context of the Problem
By the use of an approachofCarter andBrient,25 thiswork repeats

and extends results found in an important paper by Prussing.14 For
brevity the development in Ref. 25 will not be repeated, but the
de� nitions and symbols used herein are found in that reference.

Brief Statement of the Problem
From Ref. 25, the linearizedk-impulse rendezvousproblemis the

selection of the velocity increments D v1 , . . . , D vk and the speci� c
values h 1 , . . . , h k of the true anomaly h where they are appliedon the
closed,bounded interval[h 0 , h f ] to minimize the total characteristic
velocity

J ( D v1, . . . , D vk h i , . . . , h k) =
k

î = 1

j D vi j (1)

subject to the constraint

k

î = 1

R( h i ) D vi = z f (2)

where

R( h ) = U ( h ) ¡ 1 B (3)

109



110 CARTER AND ALVAREZ

For linearized rendezvousin a general central force � eld, the ma-
trix B, the state transition matrix U ( h ), and its inverse are obtained
from a recent paper.27

If theboundaryvaluesz f are in theorbitalplane, theycanbe repre-
sented as points in four-dimensionalEuclidean space; each D vi can
be represented in two-dimensional space; also it is known22,23,25,26

that k =4 is suf� cient for this problem.

Necessary and Suf� cient Conditions
Necessary conditions for a normal solution of the impulsive ren-

dezvous problem25 can be obtained by introduction of a Lagrange
multiplier ¸ = ( k 1 , k 2, k 3 , k 4)T and setting equal to zero the partial
derivative of the function

4

î = 1

j D vi j + ¸T [ 4

î = 1

R( h i ) D vi ¡ z f ] (4)

with respect to D v1 , D v2 , D v3, D v4, h 1, h 2 , h 3 , and h 4 . By the using
of the notation

a i = j D vi j , i = 1, 2, 3, 4 (5)

thesenecessaryconditions,alongwith Eq. (2), can be stated in terms
of the primer vector

p( h ) = R( h )T ¸ (6)

as follows:

D vi = 0, or D vi = ¡ p( h i ) a i , i = 1, 2, 3, 4 (7)

4

î = 1

R( h i )p( h i ) a i = ¡ z f (8)

a i ¸ 0, i = 1, 2, 3, 4 (9)

D vi = 0, or j p( h i ) j = 1, i = 1, 2, 3, 4 (10)

h i = h 0, or j p( h i ) j 0 = 0, or h i = h f

i = 1, 2, 3, 4 (11)

The work of Prussing and Clifton20 and Prussing26 shows that
thesenecessaryconditions,strengthenedby theadditionalnecessary
condition

j p( h ) j · 1, h 0 · h · h f (12)

are suf� cient for a normal optimal solution of the linear impulsive
rendezvousproblem. The use of the geometricnecessaryconditions
(10–12) in the analysis of linear and nonlinear problems goes back
to at least the 1960s11 ¡ 13 and has come to be known as primer vector
theory.

Application to Rendezvous near a Circular Orbit
Application of the necessary and suf� cient conditions (7–12) re-

quires, as input, the boundary values z f and the matrix R( h ) that is
obtained from Eq. (3). For the planar problem of rendezvous near
a circular orbit, as in other problems, the fundamentalmatrix U ( h )
and even the matrix B can be presented in various forms. In this
paper the forms will be taken from Ref. 27 as

U ( h ) =
é
êêë

¡ 2 cos( h ) ¡ 2 sin( h ) ¡ 3 h 1

2 sin( h ) ¡ 2 cos( h ) ¡ 3 0

sin( h ) ¡ cos( h ) ¡ 2 0

cos( h ) sin( h ) 0 0

ùúúû
(13)

U ( h ) ¡ 1 =
é
êêë

0 2 sin( h ) ¡ 3 sin( h ) cos( h )

0 ¡ 2 cos( h ) 3 cos( h ) sin( h )

0 1 ¡ 2 0

1 3 h ¡ 6 h 2

ùúúû
(14)

B =
é
êêë

0 0

1 0

0 0

0 1

ùúúû
(15)

The form of the primer vector p( h ) = [p1( h ), p2( h )]T thus follows
from Eqs. (3), (6), and (14),

p1( h ) = 2 k 1 sin h ¡ 2k 2 cos h + k 3 + 3 k 4 h (16a)

p2( h ) = k 1 cos h + k 2 sin h + 2 k 4 (16b)

Solution of a speci� c boundary-value problem requires the deter-
mination of the numbers k 1 , k 2, k 3 , and k 4 .

Four-Impulse Solutions
Consider the problemof � nding all boundaryvalues z f for which

optimal solutions require four impulses on a � ight interval
h 0 · h · h f . The primer vector (16) is subject to the necessary
conditions (10–12). Speci� c values of ¸ must be found satisfying
Eq. (12) such that there exist four points h 1, h 2 , h 3, and h 4 on the
interval where j p( h i ) j = 1, i = 1, . . . , 4, and there are at least two
interior points where j p( h i ) j 0 = 0, i =2, 3.

Simpli� cation Through a Change of Variable
The number of unknown parameters in Eq. (16) can be reduced

from four to three by the following change of variable. Let

k 1 = q cos } , k 2 = q sin } (17)

then

p1( h ) = 2 q sin( h ¡ } ) + k 3 + 3 k 4 h (18a)

p2( h ) = q cos( h ¡ } ) + 2k 4 (18b)

Next introduce the new variable

s = h ¡ } (19)

and the new parameters

b = k 4 / q , c = ( k 3 + 3 k 4 } )/ q (20)

It is assumed that q 6= 0, otherwise four-impulse solutions cannot
occur as shown by Eqs. (18).

By incorporationof thesechanges,theprimervectorcan be expre-
ssed in terms of s , obtaining Prussing’s formulas,14

p1( s ) = q (2 sin s + 3b s + c) (21a)

p2( s ) = q (cos s + 2b) (21b)

Necessary Conditions on the Primer Vector for Four-Impulse Solution
It is seen that the shape is cycloidal, that is, [p1( s ) /2, p2( s )]T

is a cycloid. The scale is determined by q and the type (or shape)
by b, and c effects a horizontal translation of the curve. The curve
de� ned the prime vector is periodic having a horizontal period of
2 p bq and is symmetric about a vertical axis. Necessary conditions
for four-impulse solutions from Eqs. (10) and (11) are

p( s i )
Tp( s i ) = 1, i = 1, 2, 3, 4 (22)

p( s i )
Tp 0 ( s i ) = 0, i = 2, 3 (23)

where s 1, s 2 , s 3, and s 4 are distinct.
Condition (22) asserts that the primer vector must intersect the

unit circle at exactly four distinct points. This will be called the
intersectioncondition.Condition (23) asserts that the primer vector
must be tangent to the unit circle at two distinct interior points. This
will be referred to as the tangency condition.



CARTER AND ALVAREZ 111

Because the primer vectorcurve and the unit circle are symmetric
about a vertical axis, the analysis is simpli� ed. Another necessary
conditionfor four impulses that follows from Eqs. (22) and (23) and
symmetry is

p1( s 1) = ¡ p1( s 4) (24a)

p2( s 1) = p2( s 4) (24b)

p1( s 2) = ¡ p1( s 3) (24c)

p2( s 2) = p2( s 3) (24d)

p 0
1( s 2) = p 0

1( s 3) (24e)

p 0
2( s 2) = ¡ p 0

2( s 3) (24f)

This will be called the symmetry condition.
Because of the form of the primer vector (21), another necessary

condition for four-impulse solutions that follows from the inequal-
ity (12) is

j p( s ) j · 1, s 1 · s · s 4 (25)

stating that s 1 and s 4 must be endpoints unless b =0.
Inequality (25) and the differentiability of the function de� ned

through the left side of the inequality (25) establish the new neces-
sary conditions,

p( s 1)
Tp 0 ( s 1) · 0 (26a)

p( s 4)
Tp 0 ( s 4) ¸ 0 (26b)

These will be referred to as the puncture conditions.
Anothernecessaryconditionis that the cycloidalcurvebeprolate,

that is, the curve described by Eq. (21) should have a closed loop.
This will be called the prolate condition. It restricts the parameter b
as follows:

0 · j b j < 2
3

(27)

The closed loop becomes an ellipse if b =0.
Examples of one-loop primer vectors satisfying the necessary

conditions (22–27) are seen in Fig. 1, beginning with the two-
impulse situation of Fig. 1a, which is a limit of four-impulse so-
lutions, and concluding with the ellipse in Fig. 1f in which part of
the locus must be retraced to obtain four impulses.

Analysis
The precedingnecessaryconditionswill be applied to obtain use-

ful informationaboutfour-impulsesolutions.It will be assumed that
the velocity increments are applied at s 1 , s 2, s 3 , and s 4.

Symmetry Arguments
The symmetry condition is applied � rst on the primer vector

equations (21). A more detailed mathematical development is pre-
sented here than is found in Prussing’s paper14 although the results
in Eqs. (35–37) are essentially the same. It will be shown here how
the constant c can be effectively removed from Eq. (21). Equations
(24c), (24d), and (24f), respectively,yield the following three rela-
tionships:

2(sin s 2 + sin s 3) + 3b( s 2 + s 3) + 2c = 0 (28a)

cos s 2 = cos s 3 (28b)

¡ sin s 2 = sin s 3 (28c)

Equations (28a–28c) show that

s 2 + s 3 = 2 p n (29a)

c = ¡ 3 p bn (29b)

where n can be any integer.

By the insertion of Eq. (29b) into Eq. (21a), the equation repre-
senting p1( s ), and by the transferrenceto the new variable

ˆs = s ¡ p n (30)

it is seen that two distinct situations can occur.
If n is even, then regarding the primer vector (21) as a function

of ˆs ,

p1( ˆs ) = q (2 sin ˆs + 3b ˆs ) (31a)

p2( ˆs ) = q (cos ˆs + 2b) (31b)

If n is odd, however, the primer vector takes the form

p1( ˆs ) = ¡ q (2 sin ˆs ¡ 3b ˆs ) (32a)

p2( ˆs ) = ¡ q (cos ˆs ¡ 2b) (32b)

It is observed that the form of Eq. (31) effectively allows one to
set n =0 in Eq. (29).

By the taking of additional advantage of symmetry, one can put
Eqs. (32) into the form of Eq. (31). By the de� ning of the new
expressions

b̂ = ¡ b (33a)

p̂( ˆs ) = ¡ p( ˆs ) (33b)

Eqs. (32) become

p̂1( ˆs ) = q (2 sin ˆs + 3b̂ ˆs ) (34a)

p̂2( ˆs ) = q (cos ˆs + 2b̂) (34b)

When the new notation is dropped, it is apparent that one can
regard the primer vector as dependent on only two parameters, q
designating scale and b determining the shape:

p1( s ) = q (2 sin s + 3b s ) (35a)

p2( s ) = q (cos s + 2b) (35b)

In view of Eqs. (29a) and (30), the two interior points of application
of impulses are related by

s 2 = ¡ s 3 (36)

The curve de� ned by Eq. (35) is symmetric about a vertical line
through the origin. For this reason the symmetry conditions (24a),
(24b), and (35) establish that

s 1 = ¡ s 4 (37)

Tangency Arguments
Next the tangency condition (23) is applied for two interior

points using Eqs. (35). Multiplyingby 1/ q 2 , the tangencycondition
provides

(2 sin s i + 3b s i )(2 cos s i + 3b) ¡ (cos s i + 2b) sin s i = 0

i = 2, 3 (38)

For four-impulse solutions, it is necessary that two distinct interior
points, s 2 and s 3, of the applicationof impulses satisfy Eq. (38). By
the multiplying and the rearranging of terms, these equations are
quadratic in b,

b2 + 2 b ( s i )b + c ( s i ) = 0, i = 2, 3 (39)

where

b ( s i ) = 2
9 (sin s i / s i ) + (cos s i / 3), i = 2, 3 (40)

c ( s i ) = (sin s i / s i )(cos s i /3), i = 2, 3 (41)
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a) ¿3 = 0.426¼, ¿4 = 0.462¼

b) ¿3 = 0.422¼, ¿4 = 0.662¼

c) ¿3 = 0.424¼, ¿4 = 0.729¼

Fig. 1 Primer vector and unit circle for various values of ¿4.

d) ¿3 = 0.450¼, ¿4 = 0.940¼

e) ¿3 = 0.495¼, ¿4 = 1.330¼

f) ¿3 = 0.500¼, ¿4 = 1.50¼
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In accord with the quadratic formula,

b = ¡ b ( s i ) § Ï b ( s i )2 ¡ c ( s i ), i = 2, 3 (42)

If a velocityimpulseoccursat s i on the interiorof the interval[s 0 , s f ]
it is necessary that the discrimimant in Eq. (42) be nonnegative,that
is,

b ( s i )
2 ¡ c ( s i ) = [(sin s i / s i ) ¡ 3 cos s i ][4(sin s i / s i ) ¡ 3 cos s i ] ¸ 0

(43)

The smallest positive number satisfying the inequality (43) will be
denoted l 1. It is the smallest positive root of the equation

(sin s / s ) ¡ 3 cos s = 0 (44)

An approximatevalue of l 1 is 0.4215p . For four-impulse solutions
to exist, it is necessary that s 3 ¸ l 1.

These remarks lead to the following. It is impossible to have a
four-impulse solution in which s 2 > ¡ l 1 or s 3 < l 1. As a result,
there are no four-impulse solutions if ¡ l 1 · s 0 or s f · l 1.

Puncture Conditions
The application of the puncture conditions (26) is similar to the

applicationof the tangency conditionsbecause the forms of the left
sidesof Eqs. (23) and the inequalities(26) are the same.At thepoints
s 1 and s 4, the inequalities (26a) and (26b), respectively, become

b2 + 2b ( s 1)b + c ( s 1) · 0 (45a)

b2 + 2b ( s 4)b + c ( s 4) ¸ 0 (45b)

Intersection Conditions
Evaluating the primer vector (35), respectively, at s 3 and s 4 and

applying the intersection conditions (22) result in

(2 sin s i + 3b s i )
2 + (cos s i + 2b)2 = q ¡ 2 , i = 3, 4 (46)

By the elimination of q ¡ 2 by subtracting the two equations, then
by expansion, a quadratic equation emerges

b2 + 2d ( s 3, s 4)b + g ( s 3 , s 4) = 0 (47)

where

d ( s 3, s 4) =
2

9 ( 3 s 3 sin s 3 + cos s 3 ¡ 3s 4 sin s 4 ¡ cos s 4

s 2
3 ¡ s 2

4
) (48)

g ( s 3 , s 4) =
sin2 s 3 ¡ sin2 s 4

3( s 2
3 ¡ s 2

4 )
(49)

Computation of s 3 and s 4

There are now enough conditions to determine s 3 from s 4 or vice
versa.Equations(39–41) using i =3, Eqs. (47–49), and the inequal-
ity (45b) are enough, although the use of roots of a quadratic may
yield two solution branches. For each branch there is the additional
necessarycondition:Given a number s 3 , it is necessary that s 4 be the
smallest solution of this system greater than s 3; if s 4 is speci� ed, it
is necessarythat s 3 be the largest solutionof this system less than s 4.

A solution of the system will refer to a pair s 3 and s 4 that satis� es
this necessary condition, and Eqs. (39–41) with i =3, Eqs. (47–49)
and the inequality (45b). For this reason there can be at most two
solutions of the system for a speci� ed value of s 4 , or at most two
solutions of the system for a speci� ed value of s 3 .

Two computationalapproaches are presented.The � rst approach
is the computation of the third-impulse point s 3 from the fourth-
impulse point s 4. A mission planner picking a � ight interval
[ ¡ s f , s f ] will be interested in the determination of s 3 and should
prefer this approach. In the second approach, s 3 is speci� ed and s 4

is determined. The calculations are easier in the second approach,
and it is more useful to graph the relation between s 3 and s 4 .

Approach1. Knowing the length of the � ight interval, the num-
ber s 4 is speci� ed. The two roots of Eq. (47) then depend on s 3,

b1( s 3 , s 4) = ¡ d ( s 3 , s 4) + Ï d ( s 3 , s 4)2 ¡ g ( s 3 , s 4) (50a)

b2( s 3 , s 4) = ¡ d ( s 3 , s 4) ¡ Ï d ( s 3 , s 4)2 ¡ g ( s 3 , s 4) (50b)

Using i =3 and substituting into Eq. (39) give

b1( s 3 , s 4)2 + 2 b ( s 3)b1( s 3 , s 4) + c ( s 3) = 0 (51a)

b2( s 3 , s 4)2 + 2 b ( s 3)b2( s 3 , s 4) + c ( s 3) = 0 (51b)

Each of these is solved iteratively for s 3 using only the largest root
less than s 4. The root s 31 of Eq. (51a) is substitutedvia Eqs. (48) and
(49) into Eq. (50a) to determine b1( s 31, s 4). Similarly b2( s 32 , s 4) is
calculated from Eq. (50b). Each of these two numbers is subjected
to the test (45b). If one of these fails this test, then the remaining
one satisfying Eq. (45b) is a unique solution of the system. If both
pass, there are two solutions; if both fail, there are no solutions.

Approach 2. One can select s 3 and calculate b1( s 3) and b2( s 3)
from Eq. (42) via Eqs. (40) and (41). By using Eqs. (48) and (49),
b1( s 3) and b2( s 3) are used in Eq. (47)

b1( s 3)
2 + 2d ( s 3, s 4)b1( s 3) + g ( s 3, s 4) = 0 (52a)

b2( s 3)
2 + 2d ( s 3, s 4)b2( s 3) + g ( s 3, s 4) = 0 (52b)

Each of these is solved iteratively for s 4 using only the smallest root
greater than s 3 . Each of the two roots s 41 and s 42 , respectively, are
subjected to the respective tests from the inequality (45b)

b1( s 3)2 + 2 b ( s 41)b1( s 3) + c ( s 41) ¸ 0 (53a)

b2( s 3)2 + 2 b ( s 42)b2( s 3) + c ( s 42) ¸ 0 (53b)

Calculations from approach 2 were performed using a MAPLE
software package, and the results are presented in Fig. 2, which
consists of three parts demonstrating three ranges of values of s 3

and s 4 . The straight lines show the relationship between the left
ends of the component curves and are not part of the data. Figure
2 is in complete agreement with a similar � gure in Prussing’s14

paper, although the shape is different. This material could be useful
to a mission planner, who, given the � nal impulse point s 4, could
estimate the approximatepoint of an interior impulse s 3 . Six points
taken from this curve were used for the primer vector plots in Fig. 1.
Figure 1a shows approximately the limiting case where s 3 = s 4.
Figure 1b shows the approximate primer vector locus associated
with l 1 , the minimum admissible value of s 3 . Figure 1f shows the
primer vector locus associated with s 4 =3 p / 2, which is the largest
value of s 4 having a single loop in the primer vector, although the
cycloidal shape has degenerated to an ellipse.Elliptic primer vector
shapes are the only situations in which s 4 need not be equal to s f .
Figure 3 shows six multiloop primer vector loci for larger values
that appear as s 4 increases beyond 3 p / 2. In general, Figs. 1 and 3
show the various shapes taken by the locus of the primer vector in
sequence as s 4 increases.

Boundary Values in Four-Impulse Rendezvous
The mission planner selects the true anomaly interval [h 0 , h f ],

the initial state vector y0 , and the terminal state vector y f for the
rendezvous maneuver. The boundary point z f that is used in (2) is
obtained25 from

z f = U ( h f )
¡ 1y f ¡ U ( h 0) ¡ 1y0 (54)

It is convenientto transformthe interval h 0 · h · h f to a new interval
h ¤

0 · h ¤ · h ¤
f by the change of variable

h ¤ = h ¡ [( h f + h 0) / 2] (55)
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Fig. 2 Relation between points of application of third and fourth impulse.

The endpoints of the transformed interval are

h ¤
0 = ¡ [( h f ¡ h 0) / 2], h ¤

f = ( h f ¡ h 0) / 2 (56)

so that h ¤
0 = ¡ h ¤

f .
The necessary conditions (7–12) and the subsequent work that

followed from them will be applied using the variable h ¤ over the
interval [h ¤

0 , h ¤
f ].

Boundary Points
When the new variable s = h ¤ ¡ } is introducedthroughEq. (19),

the preceding symmetry arguments ultimately show through
Eq. (37) that s 0 = ¡ s f unless b = 0 and s f > s 4 or s 0 < s 1. Except
for that abnormality,Eq. (54) is modi� ed to become

z f = U ( s 4) ¡ 1y f ¡ U ( s 1)
¡ 1y0 (57)

From Eq. (19), } = h ¤
f ¡ s f = h ¤

0 ¡ s 0 and so if b 6=0, then s = h ¤

because

} = 1
2[( h ¤

0 + h ¤
f ) ¡ ( s 0 + s f )] = 0 (58)

If b = 0, then } = ¡ ( s 0 + s f ), but s 3 = p / 2 and s 4 is an odd multiple
of p / 2. In this aberrant case, s 0 and s f are not unique.

The remainder of the analysis assumes that either s 3 6= p / 2 or
else s 0 = s 1 and s f = s 4. Boundary condition (8), thus, becomes

4

î = 1

R( s i )p( s i ) a i = ¡ z f (59)

where z f is now determined from Eq. (57).
By the use of Eqs. (3), (14), (15), and (35), expression (59)

becomes

4

Î = 1

f ( s i ) a i = ¡
z f

q
(60)

where f ( s ) = [ f1( s ), f2( s ), f3( s ), f4( s )]T is in four-dimensional
Euclidean space for each s 2 [s 0 , s f ] and

f1( s ) = 1 + 3 sin2 s + 2(cos s + 3s sin s )b (61a)

f2( s ) = ¡ 3 sin s cos s + 2(sin s ¡ 3 s cos s )b (61b)

f3( s ) = 2 sin s + 3 s b (61c)

f4( s ) = 2(cos s + 3s sin s ) + (4 + 9s 2)b (61d)



CARTER AND ALVAREZ 115

a) ¿3 = 0.700¼, ¿4 = 1.59¼

b) ¿3 = 0.589¼, ¿4 = 1.87¼

c) ¿3 = 0.530¼, ¿4 = 2.11¼

Fig. 3 Primer vector and unit circle for various values of ¿4 > 1.5¼.

d) ¿3 = 0.500¼, ¿4 = 2.50¼

e) ¿3 = 1.63¼, ¿4 = 2.77¼

f) ¿3 = 2.59¼, ¿4 = 3.91¼
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Condition(59)canbewritten in termsof a matrix M whose columns,
respectively, are f ( s 1), f ( s 2), f ( s 3), and f ( s 4) and a vector ® =
( a 1, a 2 , a 3 , a 4)T :

M® = ¡ z f / q (62)

Because s 1 = ¡ s 4 and s 2 = ¡ s 3 , this matrix depends only on s 3 and
s 4 , which are related as shown in Fig. 2,

M =
é
êêë

f1( s 4) f1( s 3) f1( s 3) f1( s 4)

¡ f2( s 4) ¡ f2( s 3) f2( s 3) f2( s 4)

¡ f3( s 4) ¡ f3( s 3) f3( s 3) f3( s 4)

f4( s 4) f4( s 3) f4( s 3) f4( s 4)

ùúúû
(63)

It is known24 that the columns of M are linearly independent, and
so M is invertible and

® = ¡ M ¡ 1z f / q (64)

Recall the inequalities (9); this establishes the following result.
Theorem:Suppose s 0 = ¡ s f , s 1 = s 0, s 2 = ¡ s 3 , and s 4 = ¡ s 1 and

s 3 and s 4 are solutions of the system. Then a boundary point z f ad-
mits a nondegeneratefour-impulsesolution if and only if each com-
ponent of the vector M ¡ 1z f is negative. If z f has a nondegenerate
four-impulse solution, then the velocity impulses are

D vi = ¡ p( s i ) a i , i = 1, 2, 3, 4

Remark: Nondegeneratesolutionsare de� ned in previouswork.25

Example
A spacecraft has its velocity synchronizedwith a satellite in cir-

cular orbit. Its purpose is to rendezvouswith the satellite in exactly
oneorbital revolution.It will be shown that there areno four-impulse
solutions to this problem.

For this problem, the initial coordinatesof the spacecraft relative
to the satellite will be denoted, respectively, by y10 and y20. Be-
cause one orbital revolutionconsists of an angle of 2 p rad, one sets
s 0 = ¡ p and s f = p . The terminal value of the state vector is cen-
tered in the satellite, which is the origin of the coordinate system,
so that y f =0. The boundary point (54) becomes

z f = ¡ U ( ¡ p ) ¡ 1y0 (65)

The initial velocity of the spacecraft relative to the satellite is zero,
so that the initial state vector becomes

y0 = (y10, 0, y20 , 0)T (66)

The interior impulse point s 3 can be approximated from Fig. 2
or determined more accurately from the system (39–41), (45b),
and (47–49). Calculation from the system yields s 3 =0.459p . The
four-impulse points are, therefore, known because s 2 = ¡ s 3 and
s 0 = s 1 = ¡ s 4 = ¡ s f . From the system, one obtains b = ¡ 0.1017.
By the use of Eq. (46), one calculates q =0.64856.

The matrix M is then calculatedfrom Eqs. (61) and (63). Accord-
ing to the theorem, it is necessary for each component of the vector
M ¡ 1z f to be negative. This results in the inequalities

¡ 1.48950y20 ¡ 0.0356778y10 < 0 (67a)

0.405727y20 + 0.0140688y10 < 0 (67b)

0.124655y20 + 0.0140688y10 < 0 (67c)

0.144479y20 ¡ 0.0356778y10 < 0 (67d)

This system of inequalities has no solution. This proves that there
is no four-impulse optimal solution to this rendezvous problem.

If one removes the restriction that the spacecraft velocity is syn-
chronized with that of the satellite, then there are many initial con-
ditions that admit four-impulse solutions.

Mission-Design Procedures for Rendezvous Maneuvers
that Require Four Impulses

The mission designer selects the initial instant and state (h 0, y0 )
and the � nal instant and state ( h f , y f ).

1) If h f ¡ h 0 ·0.924p , then stop. There can be no four-impulse
rendezvous regardless of the boundary conditions. Otherwise, cal-
culate s 4 = 1

2
( h f ¡ h 0), and apply approach 1 as follows.

2) Calculate s 31 , the largest root of Eq. (51a) that is less than
s 4 . Similarly calculate s 32, the largest root of Eq. (51b) that is less
than s 4 .

3) By the use of s 4 and s 31, calculate b1( s 31, s 4) from Eq. (50a);
by the use of s 4 and s 32 , calculate b2( s 32, s 4) from Eq. (50b).

4) Check the necessary condition (45b) setting b = b1( s 31 , s 4).
Repeat setting b =b2( s 32 , s 4). If both violate this condition, then
stop. There can be no four-impulse rendezvous.

5) If b1( s 31, s 4) satis� es conditionin Eq. (45b), calculatethe func-
tions f1( s 31), f2( s 31), f3( s 31), and f4( s 31) and f1( s 4), f2( s 4), f3( s 4),
and f4( s 4) from Eq. (61) using b =b1( s 31 , s 4). If b2( s 32, s 4) satis-
� es condition in Eq. (45b), calculate f1( s 32), f2( s 32), f3( s 32), and
f4( s 32) and f1( s 4), f2( s 4), f3( s 4), and f4( s 4) from Eq. (61) using
b =b2( s 32, s 4).

6) For either or both cases satisfying condition in Eq. (45b), cal-
culate the matrix M from Eq. (63) using s 3 = s 31 and b1( s 31, s 4) or
s 3 = s 32 and b2( s 32 , s 4) or both as applies, then invert this matrix to
obtain M ¡ 1 .

7) Based on Eq. (54), the boundary value is calculated from

z f = U ( s 4)
¡ 1y f ¡ U ( ¡ s 4) ¡ 1y0

where U ¡ 1 is obtained from Eq. (14).
8) For either or both cases satisfying condition in Eq. (45b), cal-

culate the vector M ¡ 1z f . If any component of this vector is not
negetive, that case does not admit nondegenerate four-impulse so-
lutions. If this holds for all cases satisfying condition in Eq. (45b),
then stop. There are nondegenerate four-impulse solutions.

9) At most two cases satisfy condition in Eq. (45b). If b1( s 31, s 4)
satis� es condition in Eq. (45b) and all components of M ¡ 1z f are
negative, calculate q ¡ 2 from Eq. (46) using b = b1( s 31 , s 4) and
s i = s 4 . Invert this number and take the positivesquare root to obtain
q . If b2( s 32, s 4) satis� es condition in Eq. (45b) and all components
of M ¡ 1z f are negative, calculate q ¡ 2 similarly from Eq. (46) us-
ing b =b2( s 32, s 4) and obtain q . For each or both cases as applies,
calculate a from Eq. (63). The velocity increments are calculated
from

D vi = ¡ p( s i ) a i , i = 1, 2, 3, 4

where s 1 = ¡ s 4 , s 2 = ¡ s 3, and p( s i ) is calculated from Eq. (35)
calculating s 3, b, and q from s 31 or s 32, or both as the case applies.

Conclusions
The basic mathematical tools are established for a thorough un-

derstandingof theconditionsthat result in four-impulsesolutionsfor
the problem of optimal impulsive rendezvous of a spacecraft in the
vicinity of a circular orbit. As a result, algorithms for calculationof
four-impulse solutions were presented, based on the quadratic for-
mula. Two approaches were found. The � rst approach allows one
to calculate the four optimal velocity increments from the bound-
ary conditions and a speci� ed � ight interval. The second approach
speci� es the time of the third impulse and allows the calculationof
the four optimal velocity increments and the � ight interval from the
boundary conditions.
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